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Abstract
Dualities are often supposed to be foundational, but they may come into conflict
with background independence, because a hidden fixed structures is needed to define
the duality transformation. This conflict can be eliminated by extending a duality to
a triality. This renders that fixed structure dynamical, while unifying it with the dual
variables.
To illustrate this, we study matrix models with a cubic action, and show how
breaking its natural triality symmetry by imposing different compactifications yields
particle mechanics, string theory and Chern-Simons theory. These result from com-
pactifying, respectively, one, two and three dimensions. This may explain the origin
of Born’s duality between position andmomenta operators in quantum theory, as well
as some of the the dualities of string theory.
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1 Introduction: raising dualities to trialities
Dualities play a crucial role in framing the dynamics of physical theories. Two examples
out of many will suffice:
• The duality between configuration and momentum variables: (xµ, pν), expressed by
the symplectic structure:
S =
∫
dτpµ
dxµ
dτ
+ . . . (1)
• The duality between quantum state and dual state, or bra and ket, |Ψ > and < Φ|,
expressed by the inner product
< Φ|Ψ > (2)
or, equivalently, by the Hermitian conjugate operation
† ·|Ψ >→< Ψ| (3)
String theory abounds in dualities such as T -duality. And the AdS −CFT duality ap-
pears to express a deep relationship between diffeomorphism invariance and conformal
invariance[2], which transcends its original expressions[3].
These and other examples lead us to ask if there might be a deeper principle which
unifies these different dualities and explains their importance for fundamental physics.
In this note I would like to propose an answer to this question, which is that the common
origin of the diverse dualities in physics is a deeper principle of triality.
To see how this arises, consider that fundamental physics has another imperative, just
as important as the realization of dualities, which is background independence. This
principle asserts that the laws of physics not depend on any, fixed, non-dynamical back-
ground structures[4, 5, 6, 7]. Background independence underlies all our modern under-
standing of the fundamental forces as its manifestation in field theories is diffeomorphism
invariance and local gauge invariance.
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However, notice that background independence is in conflict with several of the du-
alities of physics because the expression of each duality relies on the presence of a third,
silent, non-dynamical structure.
In the case of the classical duality between xµ and pµ there is the time derivative
d
dτ
. So
there really are three elements in that duality
xµ, pν ,
d
dτ
. (4)
which combine to make the symplectic form. Of these, two, xµ and pµ, are dynamical,
whilee the third, d
dτ
, is non-dynamical. If we believe in the imperative of background
independence, we should make d
dτ
dynamical, reinvisioning this duality as a triality. A
partial step towards this is to extend d
dτ
to a covariant derivative depending on a dynam-
ical connection
d
dτ
→
D
dτ
=
d
dτ
+ A. (5)
We will see shortly how to complete this step, and put xµ, pµ and
D
dτ
on an equal footing.
Similarly, in the quantum state space duality there is a third non-dynamical structure,
the Hermitian conjugate map
† : H → H∗ (6)
Once again, there are really three actors in the game
|Ψ >,< Φ|, † (7)
the two of which are dynamical, the third of which is frozen, waiting to be brought to life.
Let us propose to resolve the tension between the two principles of background de-
pendence and duality by the following idea:
Extend each duality to a triality by promoting the silent, non-dynamical structure
needed to express a duality to a third, equal dynamical partner.
To see how this would work, we imagine we code xµ, pµ and
d
dτ
into three members of
an algebra, A,
A = xµ, B = pν , C =
d
dτ
. (8)
with a naturally defined triple product
(A,B,C) ∈ R (9)
such that
S =
∫
dτpµ
dxµ
dτ
= (xµ, pµ,
d
dτ
) (10)
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We propose a similar extension of quantum theory based on a triple product. In this case
we hypothesize the existence of an algebra, Aq, with an invariant triple product
(A,B,C) (11)
such that, if we choose
A = |Φ >< Φ|, B = |Ψ >< Ψ|, C = † (12)
we get
(|Ψ >, |Φ >, †) = | < Ψ|Φ > |2 (13)
In the simplest case, the algebra Aq is a matrix algebra and the fundamental formula for
quantum probabilities is the trace,
P = Tr (ABC) = AbaB
c
bC
a
c . (14)
If we take A and B to represent pure states
Aba = αaα
†b, Bba = βaβ
†b, (15)
and C = I to represent the inner product, we have
P = | < α|β > |2 (16)
One way to attempt the elevation of dualities to trialities is suggested by the following
arguments:
• The duality between p and x is suggested by the form of the symplectic structure for
particle mechanics, but that duality is only realizable in a non-relativistic context
through the harmonic oscillator, i.e.
S =
∫
dτpµx˙
µ −NH(x, p) (17)
whereas the only form for the Hamiltonian,H consistent with a symmetry between
xµ and pµ is the harmonic oscillator,
H =
1
2
(p2 + x2 − E) (18)
So at the level of particle dynamics there is a conflict between Born duality and
relativistic invariance. To resolve this and have both Born duality and relativity at
the classical level we have to go to the string, as shown first by[1],
Sstring =
∫
dτdσ [p(τ, σ)µx˙
µ −NH − V D] (19)
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with
H =
1
2
(p2 + (∂σx)
2 − E) (20)
and
D = pµ∂σx
µ (21)
This is symmetric under the interchange,
pµ ↔ ∂σx
µ (22)
Furthermore, as explained in [1], in this context, Born duality (46) is the origin of T
duality.
• However, to make string theory background independent it seems necessary to ex-
tend to a membrane theory. This was the idea of realizing a background indepen-
dent form of string theory through M theory[8]. Indeed there is a good case that
different background independent string theories are unified in a membrane theory.
• Indeed, the strategy of starting with a purely cubic background independent action,
whose solutions define a background, appeared earlier in string field theory[21].
These theories were, however, subject to technical issues, which I conjectured could
be resolved by framing them as membrane theories rather than string theories[14,
15, 16].
• Indeed, one way to express a membrane theory is through a matrix model[9, 10,
11, 12, 13, 14, 15, 16]. However once one is studying non-linear dynamics for very
large or infinite matrices there is a trick which can be used to reduce any non-linear
dynamics to quadratic equations. This is to reduce the degree of equations by in-
troducing auxiliary fields-and then coding these auxiliary fields in the degrees of
freedom of an expanded matrix. You can do this to you reduce any non-linear equa-
tions to the simplest possible non-linear equations-which are quadratic equations.
Hence any matrix theory should be in its most unified and compressed form when
described by a cubic action. This suggests a theory based on an algebra with a triple
product defining a generalized trace.
• Indeed in [16] the triality of the octonions, which generates a symmetry of the ex-
ceptional Joran algebra, is seen to extend the duality expressed by 9+1 dimensional
supersymmetry transformations.
These ideas are developed in the next section. But, before going into details, I mention
other, closely related ideas, which have been developed in past papers on cubic matrix
models. The cubic matrix models have been used to propose a unification of gravitational
and Yang-Mills dynamics[18]. An even deeper unification bringing together the law with
the state is described in [19]. Finally, quantum mechanics itself can be understood as a
consequence of the matrix dynamics resulting from breakng the fundamental triality to a
duality[20].
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2 Cubic matrix theory as the template for dynamics
To realize these ideas, we study an algebraic representation of a membrane theory, of the
form previously studied in [14, 15, 16, 17] whose degrees of freedom are three elements
of an algebra:
Ma ∈ A (23)
where a = 0, 1, 2 and A is some algebra possessing a commutator and a trace. We will
require that
TrMa = 0 (24)
The fundamental action is taken to be
Sf = ǫabcTrMaMbMc (25)
The equations of motion are
ǫabc[Mb,Mc] = 0 (26)
Let G be the automorphism group ofA. Our action has a large gauge symmetry under:
Ma → g
−1Mag, g ∈ G. (27)
If we are willing to introduce some background structure-in particular a 2 + 1 dimen-
sional fixed metric, qab, we can extend the fundamental action by three terms. We add a
two component SO(1, 2) fermion, Ψα, α = 0, 1, whose components are also valued in A
and add to the action
SΨ = τaαβ TrΨ¯
β[Ma,Ψα] (28)
where τaαβ are the three Pauli matrices. Here
qab = τaαβ τ
bβ
α (29)
This induces a mass like term
Sm =
m2
2
TrMaMbq
ab (30)
as well as a matrix-Yang-Mills term
SYM = qacqbdTr[Ma,Mb][Mc,Md] (31)
Our new terms are also invariant under (27), with
Ψα → g
−1Ψαg (32)
The four actions are also invariant under the global SO(1, 2) symmetry group of qab:
Ma → Λ
b
aMb, Ψα → U(Λ)
β
αΨβ (33)
Note that Sf is independent of background structure, while SΨ, Sm and SYM depend
on a fixed choice of Pauli matrices and metric. In [18] we seek to make these dynamical
and part ofMa.
6
2.1 Compactification
We will make liberal use of the compactification trick[22]. First, pick A = SU(N) ⊗ A′,
where N is very large and A′ is some other algebra. Then we can write
M0 = ∂ˆtI
′ = ∂ˆ0I
′ (34)
where the other matrices become functions of t ∈ S1 and
[∂ˆt,Mi] =
∂Mi(t)
∂t
(35)
where i = 1, 2. We also have
Tr →
∫
S1
dtTr′ (36)
2.2 The origin of Heisenberg mechanics
We now show that the one dimensional compactification just described is the origin of
the Heisenberg algebra. Expanding aroundM0 = ∂ˆt we write,
M0 = ∂ˆtI
′ + A0(t) (37)
where we recall that
Tr′A0 = 0 (38)
We can also rename the other two matrices
M1 = X(t), M2 = P (t) (39)
The fundamental action becomes
Sf →
∫
dtTr′P
dX
dt
+ A0[X,P ] (40)
Remembering (38), the equation of motion for A0 yields
[X,P ] = ı~I ′ (41)
where ~ is an arbitrary constant of integration and the relation is presumed to hold in the
large N limit.
Unpacking this let us further decompose the algebra A′
A′ = T d ⊗Hm (42)
where T d generates translations in d dimensions andHm are the Hermitian matrices inm
dimensions, in the limitm→∞. (We could equivalently take these latter to be hermitian
observables algebra in some Hilbert space.) Then we can write
M1 = X
µ(t)Tµ, M2 = Pµ(t)T
µ (43)
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whereXµ(t) and Pµ(t) are each d hermitian matrices. T
µ are translation generators which
satisfy
TrT µ = 0, T rT µT ν = ηµν (44)
Then the A0 equations of motion become the Heisenberg algebra
[Xµ, Pν] = ı~δ
µ
ν I (45)
The action (40) is invariant under Born duality:
X → P, P → −X (46)
We can see that this is a remnant of the SO(1, 2) symmetry (33) of the Chern-simon matrix
action Sf .
We may note that the mass term, (30), leads to the Born invariant harmonic oscillator
dynamics
Sm →
∫
dt
m2
2
Tr
(
P 2 +X2 + (∂0 + A0)
2
)
(47)
2.3 Recovery of the free relativistic particle
Is there a way to get the action for a relativistic free particle from a cubic matrix theory?
There is at least one way which involves extending the comic action to a more general
form, involving a single matrixM, with action,
Semf = TrM3 (48)
To reach the fundamental action (25) we expand
M = Maτ
a (49)
where τa, a = 0, 1, 2 are the three Pauli matrices. However, we can expand to a fourth
Pauli matrix
M = Mατ
α (50)
with α = a, 3, with τ 3 = I2×2. We now, parametrize
M3 = N (51)
and introduce a scaling parameter α
M0 =
2
α
(
∂ˆtI
′ + A0(t)
)
(52)
M1 = αX
µ(t)Tµ, M2 = Pµ(t)T
µ (53)
We take the limit α→ 0, which signals we are breaking Born duality, to find
Semf →
∫
dtTr′
(
Pµ
dXµ
dt
+ A0[X
µ, Pµ] +NPµPνη
µν
)
(54)
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2.4 The origin of string theory
It seems that we cannot write an action for relativistic particle dynamics without violating
Born duality. To realize both Born duality and relativity we have to follow [1] and extend
from a particle to string theory. Interestingly enough, the transition from particles to
strings can be accomplished within the cubic matrix theory, by just changing the vacuum
we compactify and expand around.
To find string theory, we compactly on a two-torus
M0 = ∂ˆτI
′ + A0(τ, σ), M1 = ∂ˆσI
′ + A1(τ, σ), M3 = X
µ(τ, σ)Tµ (55)
Sf yields
Sf =
∫
T 2
dτdσTrf01X + A0∂σX −A1∂τX (56)
By the trace free condition this vanishes. i.e. Tr(A0,1Tµ) = 0. The induced term, SYM
yields the string action coupled to a world sheet gauge theory[23].
SYM =
∫
T 2
dτdσTr′
[
f 2
01
+ (∂τX
µ + [Aτ , X
µ])2 − (∂σX
µ + [Aσ, X
µ])2
]
(57)
where
f0,1 = ∂τA1 − ∂σA0 + [A0, A1] (58)
2.5 Compactification to Chern-Simons theory
Now we compactly on a three-torus, T 3 = (S1)3, and find a solution to the equations of
motion (26)
Ma = ∂ˆa, [∂ˆa, ∂ˆb] = 0 (59)
We expand around this solution
Ma = ∂ˆa + Aa(x
a) (60)
to find
Sf → SCS =
∫
T 3
Tr′A ∧ dA+ A3 (61)
3 Conclusion
Inspired by some thoughts on eliminating background structure by extending dualities
to trialities, we have seen how quantum particle mechanics, string theory and classical
Chern-Simons theory (for SU(m), in the limit m → ∞) are all unified and explained as
aspects of matrix Chern-Simons theory. This is a theory based on a fundamental trial-
ity. This illustrates our main claim, which is that the basic dynamics of relativistic par-
ticles and strings follows from breaking that basic triality, which holds at a background
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independent level, to a duality. The breaking from a triality to a duality introduces back-
ground structures which allow the dynamics of string and particles to be defined and,
by doing so, may give us insight into the role of dualities in the formulation of these
dynamocal theories.
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